Abstract
Introduction
Morphological shape descriptors such as skeletons, medial axis, cut loci and Voronoi sets are entities that can describe a complex object in a more compact form. It can be said that such morphological descriptors often have rich topologies that describe the underlying object in a general and canonical form. This enables these morphological descriptors to be utilised as useful and intuitive shape manipulation tools. A number of references discussing various morphological descriptors and their ability to naturally capture important shape characteristics of an object can be cited. e.g. [18, 15, 6] . For example, Blum [5] has suggested that the use of skeleton to be a powerful mechanism for representing the shape of two dimensional objects at a level higher than cell-enumeration. Here Blum puts forward a method for decomposing a shape into basic sub-shapes which can be associated with some primitive geometries.
When one is concerned with the representation of complex geometry within visual cyberworlds environments, such compact form of representation of complex geometric objects can be of importance. For example, in real time geometry modelling and animation scenarios the skeleton or the medial axis can play a vital role in enabling to efficiently manipulate a complex object. At the same time, it can also greatly enhance the animation aspects of an object within a visual cyberworlds environment. This may be especially true in the case where function based modelling and animation techniques are used whereby enhancing the real time applications within visual cyberworlds [13, 14] .
In general when one is concerned with the morphological methods for extracting meaningful shape descriptors, they are often based on simple expansion and shrinking operations. These techniques have many practical applications. These include, image processing [9] , shape similarity studies [5] and pattern recognition [8] . There are a number references on the medial axis. For comprehensive surveys the reader is referred to [11, 16] . A number of methods for constructing medial axis or skeletons for polyhedral models and for free-form shapes have also been proposed. These include topological thinning [22] , Euclidian distance transform [1] and the use of deformable snakes [12] . Exam-ples of practical algorithmic implementation of medial axis transforms can be found in, for example, [17, 19] .
The most commonly used morphological description for geometric shapes is based upon the medial axis or the skeleton. The pioneering work of H. Blum [5] describes the medial axis as a descriptor and classifier of shapes and figures. This concept has been established as the best defined and studied mathematical concept with reference to thinning and skeletonization of contours and shapes. From the various mathematical tools (e.g. maximal disks, cut loci, Voronoi sets [21, 7] ), the maximal disk method seems to be the most well studied and applied, both in mathematical definition and properties and in applications.
The definition given for the medial axis by Blum can be mathematically described as follows.
Definition 1:
Let S be a closed contour in 2 . A closed disk B is said to be maximal in S if it is contained in S and if B ⊂ B , where B is another closed disk, also contained in S, then B = B [21, 7] . The notion of maximal disks is based on the Euclidean metric,
Taking the above definition of the medial axis as described above provides the description of an object which neatly describes the morphology and geometric characteristics of the underlying shape. Moreover, it can be highlighted that through the medial axis it is generally easier to identify the symmetries of the object. As mentioned earlier, other important properties of the media axis of a shape include its use in the intermediate representation of the object and its canonical general form that can be used to represent the object by a lower dimensional description. It is notable that many others have affirmed the flexibility of the medial axis and its ability to naturally capture important shape characteristics of an object [18, 15, 6] .
The idea of the Divider Set, which is the main discussion of this paper, relates to the concepts based on the description of the curvature of locally convex types [2] based on Huygens principles [20] . Such a description can serve as useful tools in other areas applicable to mathematics and physics such as knot theory, convexity, fluid flows as well as the study of differential equations, their solution propagations and description of singularities.
Hence this paper describes a concept which can be utilised for classification of complex geometry based on the concept we call as the Divider Set. The Divider Set is a novel alternative concept to maximal disks, Voronoi sets and cut loci, which is based on a formal definition based on topology and differential geometry. In particular in this paper we discuss how the Divider Set can be computed for complex parametric geometry which has an explicit form.
The paper is organised as follows. In Section 2 we introduce the idea behind the Divider Set along with formal definitions. In Section 3 we discuss how we can formulate solution techniques for computing Divider for parametric surfaces which can be described in a simpler form with an associated analytic expression. In Section 4 we discuss a series of examples where we show how the method described in Section 3 can be used to compute Divider Set for a variety of geometry defined in parametric form. Finally in Section 5 we conclude the paper and discuss possible extensions of the current work.
The Divider Set of an Object
If one undertakes a comparative analysis, the medial axis of a closed contour in 2 , in mathematical morphology, is probably the closest equivalent to the definition of the Divider Set in 2 or 3 . The Divider Set in 2 or 3 is formally defined as follows. If one undertakes a comparative analysis between the formal definition of the Divider Set as described above and the formal definition of the maximal disks, Voronoi sets and cut loci, one can clearly see that there are some similarities between them. However, one should note that the definition of the Divider Set as presented above is a general definition which is based on the robust mathematical concepts and therefore provides specific advantages for description of the morphology. Thus, all definitions pertaining to medial axis, Voronoi sets, cut loci or any such concepts are replaced by a common definition expressed in a strict equation form.
It is important to highlight that the defining equations can be adapted to apply for curves [2] or disconnected sets of curves in 2 or 3 , for isolated points, for surfaces in 3 or for a mixture of the above. Furthermore, by a suitable change of the fundamental metric in the Euclidean plane and by considering a discretisation of the plane as in binary images, an entirely new form of the Divider Set can be developed and utilized in various applications. In this paper the defining equations for the Divider Set is adapted to the three dimensional case whereby we consider surfaces S ∈ 3 with some specific properties. The surfaces we consider are essentially parametric and should be, except for isolated points or curves, twice continuous and differentiable.
Given a surface S ∈ 3 defined by the parametric form using two parameters u and v such that,
and given any values u 1 , v 1 and u 2 , v 2 of the defining parameters of S, we can define two points on S such that,
Thus, taking three points (x, y, z), (x 1 , y 1 , z 1 ), (x 2 , y 2 , z 2 ) ∈ S the calculation of the Divider involves solving the following equations.
Equations (5) - (9) can be also re-written in the following format,
One should note that for a given surface S ∈ 3 the parameters u 1 and v 1 are known parameters spanning the surface S. The rest of the parameters u 2 , v 2 , x, y, z, x 1 , y 1 , z 1 , x 1 , y 2 , z 2 , can be calculated using the Equations (10) - (14) . It is noteworthy that the Equations (5) - (9) are all linear in x, y, z, the Divider coordinates, while the Equations for u 2 and v 2 are highly non-linear. Furthermore, the solutions of the system must be examined to ensure that any balls with (x, y, z) as a centre and,
as radii are indeed fully inscribed on the surface and do not contain points of it closer than their circumference.
Method of Computation of the Divider Set
In this section, based on the what we have discussed above, we show how we can apply the above methodology in order to compute the Divider Set for parametric surfaces which can be given in an explicit form.
The main difficulty in computing the Divider Set for a complex parametric surface arises due to the nature of the set of the Equations (10) - (14) to be considered. In particular, one should note that the Equations (14) is non-linear and therefore in general straightforward solution techniques do not exist to solve the system of Equations (10) - (14) . In what follows, we describe a methodology based on exact solutions of the Equations (10) - (14) for the types of surfaces we are concerned here.
We assume a surface S ∈ 3 can be defined by the parametric form using two parameters u and v such that S(u, v) = (x(u, v), y(u, v), z(u, v) ). For the solution scheme proposed here we assume that the parametric surfaces can be described in the form,
where n is an integer and
Assuming our surface S can be described in the above special form, it can be easily shown that the functions associated with Equations (10) - (14) are linearly independent. Therefore, the solution method based on the Cramer's rule through the computation of appropriate Wronskian for the related matrices can be used to solve the entire system of Equations (10) - (14) . The procedures involved in solving the system is described below.
The coefficient matrix of Equations (10) - (14) 
The corresponding extended matrix, including the second part terms is, ⎛
where
It may be assumed, without loss of generality, that Equations (10), (11) , (12) are linearly independent and may be used for the solution relative to x, y and z. Here we outline the procedures involved.
Let D x be the determinant of the matrix, ⎛ ⎜ ⎝
∂z1 ∂u1
∂z1 ∂v1
Let D y be the determinant of the matrix, ⎛ ⎜ ⎝ ∂x1 ∂u1 
Then Equations (10), (11), (12) 
These values, depending on u 1 and v 1 which are known and on u 2 and v 2 which are unknown, can be put into Equations (13) and (14) . These Equations will now contain u 2 and v 2 as unknowns, since x, y, and z have been eliminated. Equations (13) and (14) may then be solved numerically.
Examples
In this section we show some examples where the above exact solution method can be utilised to compute the Divider Set for a number of surface geometry which can be described in parametric form. In order to compute the Divider Set for the examples shown here we have utilised the Maple package whereby we have taken advantage of mathematical operations and algorithms defined within Maple.
As a first example, we take a simple cylindrical shape. The cylinder is parametrically represented at x = cos(v), y = sin(v) and z = u. Fig. 1(a) shows the corresponding cylinder and Fig. 1 (b) shows the corresponding shape of the Divider Set which in this case is simply a line spanning along u direction through the center of the cylinder.
As a second example, we take the geometry of an elliptic cylinder. The elliptic cylinder is parametrically represented at x = A cos(v), y = B sin(v) and z = u where A = B. Fig. 2(a) shows the corresponding elliptic cylinder and Fig. 2 (b) shows the corresponding shape of the Divider Set which in this case is a rectangular section spanning along u direction passing through the centre of the cylinder.
As a third example, we take the geometry of a complex parametric patch defined by analytic parametric functions. The geometry in this case is defined as x = A cos(v) + B cos(2v)+C cos(3v), y = D sin(v) and z = u where A = B. Fig. 3(a) shows the corresponding parametric surface and Fig. 3 (b) shows the corresponding shape of the Divider Set.
The fourth example we describe is similar to that shown in the previous example. Here we take the geometry of a complex parametric patch defined by analytic parametric functions similar to the previous example. The geometry in this case is defined as x = A cos(v) + B cos(2v) + C cos(3v), y = D sin(v) + E sin(2v) and z = u where A = B. Fig. 4(a) shows the corresponding parametric surface and Fig. 4 (b) shows the corresponding shape of the Divider Set.
As a fifth example, we take the geometry represented by the harmonic partial differential equation (PDE). The harmonic PDE we use here is the standard Laplace equation,
Assuming the existence of periodic solutions for certain types of boundary conditions, the explicit solution of Equation (30) can be computed using separation of variables. Choosing the parametric region to be 0 ≤ u ≤ 1 and 0 ≤ v ≤ 2π the periodic boundary conditions can be expressed as,
where the boundary conditions P 0 (v) and P 1 (v) define the edges of the surface patch at u = 0 and u = 1 respectively. Then the explicit solution of Equation (30) can be written as,
where a n1 , a n2 , b n1 , and b n2 are vector-valued constants, whose values are determined by the imposed boundary conditions at u = 0 and u = 1. 5 (a) shows a surface generated for the Laplace equation using the solution procedure described above. Here the boundary conditions through the Solution (33) can be written as,
where A and B are some real values. With these boundary conditions the corresponding surface is then obtained by determining the A 0 (u), A n (u) and B n (u) and using Solution (33). Fig. 5 (b) shows the corresponding shape of the Divider Set for the harmonic surface.
As a final set of examples we show surfaces resulting to the solution from the Biharmonic equation based on the method of surface generation proposed by Bloor and Wilson [3] . The generating equation in this case is based on the Laplace equation (30) whereby the PDE is in the form,
Again, assuming the existence of periodic solutions for certain types of boundary conditions, the explicit solution of Equation (39) can be computed using separation of variables. Choosing the parametric region to be 0 ≤ u ≤ 1 and 0 ≤ v ≤ 2π the periodic boundary conditions can now be expressed as,
Here the boundary conditions P 0 (v) and P 1 (v) define the edges of the surface patch at u = 0 and u = 1 and the boundary conditions d 0 (v) and d 1 (v) define the derivatives at the edges of the surface patch at u = 0 and u = 1.
The explicit solution of the Biharmonic Equation (39) is also given by the Solution (33) where the vectors A 0 (u), A n (u) and B n (u) comprise of added terms to accommodate the higher order of the equation. i.e.,
where where a n1 , a n2 , a n3 , a n4 , b n1 , b n2 , b n3 , and b n4 are vectorvalued constants, whose values are determined by the imposed boundary conditions at u = 0 and u = 1. Detailed description of this solution scheme can be found in [3] .
Figs. 6(a)(c)(e) shows a series of surfaces generated through the Biharmonic equation using the solution procedure described above. Here the boundary conditions for the surface can be written as, With these boundary conditions the corresponding surface is then obtained by determining the A 0 (u), A n (u) and B n (u) and using an extended version of the Solution (33). Fig. 6(b)(d)(f) shows the corresponding shapes of the Divider Sets for the Biharmonic surfaces.
Conclusion
In this paper we have described a concept for classification of complex parametric geometry based on the concept of the Divider Set. The Divider Set is a novel alternative concept to maximal disks, Voronoi sets and cut loci, based on a formal definition relating to topology and differential geometry. In this paper we have shown how the Divider Set can computed for surfaces described in parametric form. We have described how an explicit solution form can be used to solve the related system defining the Divider Set. A number of examples are discussed in order to show the feasibility of the Divider for shape description.
There a number of extensions to this work. In this paper, we have described the methods of computing the Divider Set for parametric surfaces. While parametric surfaces are applicable to a number of areas there are situations where surfaces or solids cannot be defined in parametric form. Thus, the solution methods we have discussed would need further developments. Particular cases of solutions can be developed for particular types of surfaces (e.g. PDE surfaces) where the computation of the Divider Set can be made more efficient. Another area to extend this work is to study the Divider Set for discrete cases. This has applications in situations where the geometry and images in question are available in discrete form. Our ongoing and future work in this topic aims to extend our research efforts in these areas.
